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Abstract. In this paper, we completely classify the rational solutions of the Sasano system 

(2) 

of type , which is given by the coupled Painlcvc III system. This system of differential 



>2 ' equations has the affine Weyl group symmetry of type 
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^ ■ 1 Introduction 

' Paul Painleve and his colleagues [SHU] intended to find new transcendental functions defined by 

second order nonlinear differential equations. In general, nonlinear differential equations have 
moving branch points. If a solution has moving branch points, it is too complicated and is not 
worth considering. Therefore, they determined the second order nonlinear differential equations 
■ with rational coefficients which have no moving branch points. As a result, the standard forms 

«) . of such equations turned out to be given by the following six equations: 

^. ; Pi: y" = + 1, 



Pll : y" = + ty + a, 

Pm : y" = -{yT - ly' + 7(«y' + /?) + ly' + 

y t t y 



j^. ^'iv: y" = —iyr + ^y' + ^ty' + 2{t'-a)y + ^, 
- - - -fV : y = {7r + 7 ]iy) - rry + — To — [ ay + - ] + -y + 6- 



2y y — 1 J t \ y J t 2/— 1 

2 Vy y-1 y-tj \t y-tj 
y{y-l){y-t) f ^t t-1 J(t-1) 



t2(t-i)2 V y' '(y-i)2 {y-ty 

where ' = d/dt and a, f3, 7, 6 are all complex parameters. In this article, our concern is with the 
Backlund transformations and special solutions which are given by rational, algebraic functions 
or classical special functions. 

Each of Pj (J = II, III, IV, V, VI) has Backlund transformations, which transform solutions 
into other solutions of the same equation with different parameters. It was shown by Okamoto 
[n\ \TE[ [T9l [20] that the Backlund transformation groups of the Painleve equations except for Pi 
are isomorphic to the extended affine Weyl groups. For Pu, Pm, Pjv, Py, and Pyi, the Backlund 
transformation groups correspond to a'^^ A^^^ ^ A^^\ and D^^\ respectively. 
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While generic solutions of the Painleve equations are "new transcendental functions" , there 
are special solutions which are expressible in terms of rational, algebraic, or classical special 
functions. 

For example, Airault [1] constructed explicit rational solutions of Pn and Piv with their 
Backlund transformations. Milne, Clarkson and Bassom |13j treated Pm, and described their 
Backlund transformations and exact solution hierarchies, which are given by rational, algebraic, 
or certain Bessel functions. Bassom, Clarkson and Hicks [5] dealt with Piy, and described 
their Backlund transformations and exact solution hierarchies, which are expressed by rational 
functions, the parabolic cylinder functions or the complementary error functions. Clarkson [3] 
studied some rational and algebraic solutions of Pm and showed that these solutions are ex- 
pressible in terms of special polynomials defined by second order, bilinear differential-difference 
equations which are equivalent to Toda equations. 

Furthermore, the rational solutions of Pj (J = II, III, IV, V, VI) were classified by Yablonski 
and Vorobev [23 [M|, Gromak [QE], Murata [HIE], Kitaev, Law and McLeod [S], Mazzoco [H] 
and Yuang and Li [26]. 

Noumi and Yamada [16] discovered the equation of type A^^^ {I > 2), whose Backlund 
transformation group is isomorphic to the extended affine Weyl group W{aI^^). The Noumi 

and Yamada systems of types A^'^ and A^^ correspond to the fourth and fifth Painleve equations, 
respectively. Moreover, we [9l [10] classified the rational solutions of the Noumi and Yamada 
systems of types ^4^"* and A^^^ . 

Sasano [22] found the coupled Painleve V and VI systems which have the affine Weyl group 

symmetries of types D^^ and Dq^^ . In addition, he [23] obtained the equation of the affine Weyl 

(2) 

group symmetry of type A^ , which is defined by 

tq[ = 2qlpi - + (ao + ai + 03)^1 - t + Atp2 + 2qiq2P2, 
tp[ = -2qip\ + 2qipi - (oq + ai + 03)^1 + oq - 2piq2P2, 
tq2 = 2gip2 - + (ao + ai + 03)^2 - t + Atpi + 2qipiq2, 
tp'2 = -2q2pl + 2q2P2 - (ao + ai + 03)^2 + «! - 291^1^2, 
ao + ai + 2q2 + as = 1/2, 

where ' = d/dt. This system of differential equations is also expressed by the Hamiltonian 
system: 

^dqi dH ^dpi dH ^dq2 OH ^dp2 dH 
dt dpi ' dt dqi ' dt dp2 ' dt dq2 ' 

where the Hamiltonian H is given by 

H = qfpj - qfpi + (ao + ai + 03)^1^1 - aoqi - tpi 

+ Q2P2 - + (ao + ai + az)q2P2 - aiq2 - tp2 + 4:tpiP2 + 2qipiq2P2- 

Let us note that Mazzocco and Mo [12] studied the Hamiltonian structure of the Pu hierar- 
chy, and Hone [7] studied the coupled Painleve systems from the similarity reduction of the 
Hirota-Satsuma system and another gauge-related system, and presented their Backlund trans- 
formations and special solutions. 
(2) 

^5 (aj)o<j<3 has the Backlund transformations sq, si, S2, S3, vr, which are given by 

I \ ( '^0 

So : (*j H ,Pi,g2,j52,t; -ao,ai,a2 + ao,a3 

V V\ 



4 ("i)0<i<3 < 
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(2) 



Si 



S2 



S3 



IT 



(*) 

(*) 

(*) 
(*) 



qi,Pi,q2-\ ,P2,t;ao, -ai,a2 + 01,03 

P2 



qi,Pi 

qi + 



«2g2 
91^2 + t 

as 



,Q2,P2 + 
,Pl,Q2 + 



a2gi 

qiq2 + t' 

as 



Pi + P2 - 1 Pi + P2 - 1 

{q2,P2, qi, Pi,t; ai, ao, a2, as) , 



t; ao + Q2, ai + a2, — "2, 03 + 2a2 
P2,t;ao,ai,a2 + 03,-03 



with the notation (*) = {qi,pi,q2,p2,t;a(),ai,a2,as). The Backlund transformation group 

(so. Si, S2, S3, vr) is isomorphic to the affine Weyl group of type . 
Our main theorem is as follows: 

Theorem 1.1. For a rational solution of (aj)o<j<3, i>y some Backlund transformations, the 
solution and parameters can he transformed so that 

(^i,Pi, 92, P2) = (0,1/4,0,1/4) and 

(ao, ai, 02, as) = ("3/2, a3/2, 02, 03) = ("3/2, as/2, 1/4 - 03, as), 

f 2) 

respectively. Furthermore, for (Qj)o<j<3, there exists a rational solution if and only if one 
of the following occurs: 



(1) 


— 2ao + 03 G Z, 


-2ai 


+ "3 e ^, 


(2) 


— 2ao + Qs G Z, 


2ai 


+ as G Z, 


(3) 


2ao + as G Z, 


-2ai 


+ "3 e ^, 


(4) 


2ao + as G Z, 


2ai 


+ as G Z, 


(5) 


— 2ao + as G Z, 


as - 


- 1/2 G Z, 


(6) 


— 2ai + as G Z, 


as - 


- 1/2 G Z. 



This paper is organized as follows. In Section[2l for A\^ (aj)o<j<3, we determine meromorphic 
solutions at t = 00. Then, we find that the constant terms aoo,o, Coo,o of the Laurent series of 
(71, (72 at t = 00 are given by 

Ooo,o := -2ao + as, Coo,o := -2ai + as. 



respectively. 

In Section [3l for A\ (aj)o<j<3, we determine meromorphic solutions at t = 0. Then, we 

see that the constant terms ao,o, co,o of the Laurent series of gi, (72 at t = are given by the 

parameters ao, ai, a2, as. 

f 2) 

In Section m for A\^ (aj)o<j<3, we treat meromorphic solutions at t = c G C*, where in this 
paper, C* means the set of nonzero complex numbers. Then, we observe that qi, q2 have both 
a pole of order of at most one at t = c and the residues oi qi, q2 at t = c are expressed by nc 
{n & Ij). Thus, it follows that 



Ooo,o — ao,o G 



Coo,o — Co n G 



(1.1) 



(2) 

which gives a necessary condition for ^4^ (aj)o<j<3 to have a rational solution. 

In Section [5l using the meromorphic solution at t = 00, 0, we first compute the constant 
terms of the Laurent series of the Hamiltonian at t = 00, 0. Furthermore, by the meromorphic 
solution at = c G C* , we calculate the residue oi H at t = c. 



4 



K. Matsuda 



In Section [6l by equation (jl.ip . we obtain the necessary conditions for ^5 (aj)o<j<3 to 

have rational solutions, which are given in our main theorem. Furthermore, we show that if 

(2) 

there exists a rational solution for Ai^ (cij)o<j<3, the parameters can be transformed so that 
—2ao + as e Z, —2ai + 03 € Z. 

(2) 

In Section [71 we define shift operators, and for a rational solution of ^5 (aj)o<j<3) we 
transform the parameters to 

(ao,ai,a2,a3) = (03/2, 03/2, 02, 03). 

In Section [SI we determine rational solutions of Ai^ (03/2,03/2,02,03) and prove our main 
theorem. 

In Appendix [Al using the shift operators, we give examples of rational solutions. 

2 Meromorphic solutions at t = cxd 

(2) 

In this section, for Ai^ \'^j)o<j<3, we treat meromorphic solutions at t = 00. For the purpose, 
in this paper, we define the coefficients of the Laurent series of gi, pi, q2, P2 at t = 00 by a^o^k, 

600, fci CoOjfc, doo,ki k G Z. 

2.1 The case where q^, pi, q^, P2 are all holomorphic at t = C50 

(2) 

Proposition 2.1. Suppose that for Ai^ (cKi)o<j<3; there exists a solution such that qi, pi, q2, 
P2 are all holomorphic at t = 00. Then, 

qi = (-2oo + 03) H , 

^ pi = 1/4 + (-2oi + 03)(-2oi - 03)^-74 + • • • , 
q2 = (-2oi + 03) H , 

P2 = 1/4 + (-200 + 03)(-2oo - 03)^-74 + • • • . 

(2) 

Proposition 2.2. Suppose that for Ai^ (oj)o<j<3, there exists a solution such that qi, pi, q2, 
P2 are all holomorphic at t = 00. Then, it is unique. 

Proof. We set 

Pi = 1/4 + 6oo,-it~^ + • • • + 6oo,-(fc-i)i~^''"^^ + b^^.kt-'' + 6oo,-{fc+i)i"^''+^^ + • • • , 

92 = Coo,0 + Coo,-li~^ + • • • + Coo,_(fc_l)t"^^'~^^ + C^,-kt~^ + Coo,-{fc+l)i"^''^^^ + " " " , 

P2 = 1/4 + doo,_it~^ + • • • + doo,-(fc-i)i~^''~^^ + doo,~kt~^ + (ioo,-(fc+i)i"^*^+^^ + • • • , 

where aoo.Oj 600,-1, Coo,0) c^oo.-i all have been determined. 
Comparing the coefficients of the terms t~^ {k > 1) in 

tp-^ = -2qipj + 2qipi - (oq + oi + 03)^1 + oq - 2piq2P2, 
tp'2 = -2q2pl + 2q2P2 - (oq + oi + 03)^2 + oi - 2qipip2, 

we have 

3aoo,-fc/8 - Coo,-fc/8 = -kboD~k + (oq + oi + 03)600 -fc 

~l~ 2 y ^ Oioo,—lboo,—mboo,—n 2 ^ ^ 0'oo,—fioD,—m ~l~ 2 y ^ CoQ —ib^ —^doo^—n^ 



(2) 
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-floo -fc/8 + 3coo -fc/8 = -kdoo,-~k + ("0 + ai + 03)^00, -fc 

~l~ 2 ^ ^ Cqo _;(ioo,— mC^oo,— n 2 ^ ^ Cgo,— /C^oo,— m ~l~ 2 ^ ^ CLoo,—lboo,—mdoo,—m 

where the first and third sums extend over nonnegative integers I, m, n such that l + m + n = k 
and < / < A;, and the second sums extend over nonnegative integers I, m such that I + m = k 
and m > 1. Therefore, Uoo-k, Coo,-k are both inductively determined. 
Comparing the coefficients of the terms {k > 1) in 

t(^i = 2qfpi -ql + (ao + ai + 03)^1 - t + 4tp2 + 2qiq2P2, 
tq2 = 2qlp2 -ql + (ao + ai + a:i)q2 - t + Atpi + 2qipiq2, 

we obtain 

4doo -(fc+i) = -kaoo-k - (ao + ai + a3)aoo 

2 ^ ^ floo,— i'^oo,— m^oo,— n ~l~ ^ ^ Ojoo,—l^oo,—m 2 ^ ^ 'ioo,— /Cqo,— mf^oo,— n; 

46oo -(fc+1) = -kcoo~k - (ao + ai + a3)coo,-fc 

2 ^ ^ Cqo _;Coo,— m'^oo,— n ~l~ ^ ^ Cgo,— /Cqo,— m 2 ^ ^ Cqq __;Cl(X),— m^oo,— nj 

where the first and third sums extend over nonnegative integers Z, m, n such that l + m + n = k, 
and the second sums extend over nonnegative integers /, m such that I + m = k. Therefore, 
6oo,-(fc+i)) ^^oo,-(A:+i) are both inductively determined, which proves the proposition. ■ 

2.2 The case where one of {qi,Pi, q2iP2) has a pole at t = oo 

In this subsection, we deal with the case in which one of ((71, Pi, q2,P2) has a pole at t = 00. For 
the purpose, by vr, we have only to consider the following two cases: 

(1) qi has a pole at t = 00 and pi, q2, P2 are all holomorphic at t = 00, 

(2) pi has a pole at t = 00 and qi, q2, P2 are all holomorphic at t = 00. 

2.2.1 The case where qi has a pole at t = 00 

(2) 

Proposition 2.3. For Al^ (aj )o<j<3, there exists no solution such that qi has a pole at t = 00 
and pi, q2, P2 o,i"e all holomorphic at t = 00. 

2.2.2 The case where pi has a pole at t = 00 

(2) 

Proposition 2.4. For Ai^ {ctj)o<j<3; there exists no solution such that pi has a pole at t = 00 
and qi, q2, P2 are all holomorphic at t = 00. 

2.3 The case where two of {qi,Pi, q2^P2) have a pole at t = C50 

In this subsection, we deal with the case in which two of {qi,pi, q2,P2) has a pole at t = 00. For 
the purpose, by vr, we have only to consider the following four cases: 

(1) qi, pi have both a pole at t = 00 and q2, P2 are both holomorphic at t = 00, 

(2) qi, q2 have both a pole at i = 00 and pi, p2 are both holomorphic at t = 00, 

(3) qi, p2 have both a pole at t = 00 and pi, q2 are both holomorphic at t = 00, 

(4) pi, p2 have both a pole at t = 00 and qi, q2 are both holomorphic at t = 00. 
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2.3.1 The case where gi, j»i have a pole at t = oo 

Proposition 2.5. For Al^ {c(j)o<j<3, there exists no solution such that qi, pi have both a pole 
at t = CO and q2, P2 are both holomorphic at t = oo. 

2.3.2 The case where qi, q2 have a pole at t = oo 

(2) 

Proposition 2.6. For A)^ {oj)o<j<3, there exists no solution such that qi, q2 have both a pole 
at t = oo and pi, p2 are both holomorphic at t = oo. 

2.3.3 The case where gi, p2 have a pole at t = oo 

By direct calculation, we can obtain the following two lemmas: 

(2) 

Lemma 2.1. Suppose that for A^ (Q^i)o<i<3j Qi = 0. Then, one of the following occurs: 

, , 1 1 

(1) «o = ^, "3 = 2' "'^^ 

, / 1 (4qi - l)(4ai + 1) 11 
iqi,Pi, q2,P2) = (^0' 4 + -2ai + 2' 4 

CK3 CK3 \ 1 1 

(2) "0 = y, "1 " Y' ™^ Wi>Pi,92,P2) = I 0, -,0, - 

03 0.3 , / \ f ^ ^ 

(3) ao = y, ai = — ^, and {qi,Pi,q2,P2) = {0, -,2a3, - 

(2) 

Lemma 2.2. Suppose that for A^ {aj)o<j<3, q2 ^ 0. Then, one of the following occurs: 

(1) ai = ^, 03 = ^, and 

. W 9 ^ 1 1 n 1 ^ (4ao-l)(4ao + l) 

{qi,Pi,q2,P2) = -2ao + TT. T'O' 7 + 



2 4 4 16t 

CK3 013 \ 1 1 

(2) ao = y, ai = y, and {qi,Pi,q2,P2) = {0, ^,0, - 

03 03 , ./II 

(3) ao = — —, ai = y, and {qi,Pi,q2,P2) = {'^03, -,0, - 

By Lemma 12.21 we find that q2 ^ 0. Now, let us assume that qi has a pole of order tiq 
(j^o ^ 1) and p2 has a pole of order 713 (n3 > 1). 

(2) 

Lemma 2.3. For Ai^ (aj)o<j<3, i/iere exists a solution such that qi, p2 have both a pole at 
t = 00 and pi, q2 are both holomorphic at t = 00. Then, hq 7^ 713. 

Proof. We suppose that no = tt-s- Especially, we treat the case where no = n3 = 1 and show 
contradiction. If no = ns > 1, we can prove contradiction in the same way. 
Comparing the coefficients of the terms t^, t in 

tq[ = 2qfpi -qf + {oq + ai + a3)qi -t + 4tp2 + 2qiq2P2, 
tp[ = -2qip\ + 2qipi - {oq + Qi + 03)^1 + oq - 2piq2P2, 



we have 
.2 



2^00 1^00,0 — o^oo 1 + 4(ioo,i + 2aoo,iCoo,of^oo,i — 0, 



(2) 
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— 2aoo,i^L,o + 2aoo, 1^00,0 — 26oo,oCoo,oc^oo,i — 0, (2.1) 

respectively. 

Comparing the coefficients of the terms t, in 

tq2 = 2q2P2 -q2 + ("0 + ai + a3)Q'2 -t + Atpi + 2qipiq2, 
= -2q2pl + 2q2P2 - (ao + ai + a3)P2 + ai - 2qipip2, 

we obtain 

2c^,o'^oo,i — 1 + 46oo,o + 2aoo,i6oo,oCoo,o = 0, 

—2000,0^^^,1 ~ 2aoo,iboo,o'^oo,i = 0, (2.2) 

which implies that 6oo,o = 1/4- Furthermore, from the second equation in (j2.ip and the first 
equation in (|2.2p . it follows that a^o i = 0, which is impossible. ■ 



Lemma 2.4. Suppose that for (ckj)o<i<3; there exists a solution such that qi, p2 have both 
a pole at t = oo and pi, q2 are both holomorphic at t = oo. Then, no < na. 

(2) 

Proposition 2.7. For Ai^ (aj)o<j<3, there exists no solution such that qi, p2 have both a pole 
at t = oo and pi, q2 are both holomorphic at t = oo. 

Proof. We treat the case where (no,n3) = (1,2) and show contradiction. The other cases can 
be proved in the same way. 

Comparing the coefficients of the terms t^ in 

tq[ = 2qlpi -ql + (ao + «! + a3)Q'i - t + ^'tP2 + 2qiq2P2, 
we have (ioo,2 = 0, which is impossible. ■ 

2.3.4 The case where pi, p2 have a pole at f = oo 

(2) 

Proposition 2.8. For Ai^ ('^j)o<j<3; there exists no solution such that pi, p2 have both a pole 
at t = oo and qi, q2 are both holomorphic at t = oo. 

2.4 The case where three of (gi, Pi, ^2? P2) have a pole at t = 00 

In this subsection, considering vr, we treat the following two cases: 

(1) qi, Pi, q2 all have a pole at t = 00 and p2 is holomorphic at t = 00, 

(2) qi, pi, p2 all have a pole at t = 00 and q2 is holomorphic at t = 00. 

2.4.1 The case vi^here qi, pi, q2 have a pole at t = 00 

(2) 

Proposition 2.9. For yl^ (Qj)o<j<3, there exists no solution such that qi, pi, q2 all have a pole 
at t = 00 and p2 is holomorphic at t = 00. 
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2.4.2 The case where gi, p2 have a pole at t = oo 
By Lemma 12.21 let us note that 0. 

(2) 

Lemma 2.5. Suppose that for Ai^ (ttj)o<j<3; there exists a solution such that qi, pi, p2 all have 
a pole at t = oo and q2 is holomorphic at t = oo. Moreover, assume that qi, pi, p2 has a pole of 
order uq, ui, (no,ni,n3 > 1) at t = oo, respectively. Then, > hq + ni. 

Proof. Considering that 

tp[ = -2qip\ + 2qipi - {oq + ai + a3)pi + ao - 2piq2P2, 

we can prove the lemma. ■ 

Therefore, we define the nonnegative integer k hy n-^ = uq -\- ni + k. 

(2) 

Lemma 2.6. Suppose that for Ai^ {'^j)o<j<3! there exists a solution such that qi, pi, p2 all have 
a pole at t = oo and q2 is holomorphic at t = oo. Then, Coo,o = Coo,-i = • • • = Coo,-(fc-i) = 0, 
aoo,no^oo,i + CoQ-kdoo,n3 = 0, and hq - k>l. 

Proof. Considering that 

tp[ = -2qip\ + 2qipi - (ao + oi + a3)pi + - 2piq2P2, 

we find that Coo,o = Coo ,-i = • • • = Cqo -(fc-i) = 0, aoo,noboD,i + Coo-kdoD,n3 = 0. Furthermore, 
considering that 

tq[ = 2qlpi -ql + (ao + ai + a^)qi - t + 4:tp2 + 2qiq2P2, 

we can show the lemma. ■ 

Proposition 2.10. For Ai^ (aj)o<j<3; there exists no solution such that qi, pi, p2 all have 
a pole at t = oo and q2 is holomorphic at t = oo. 

Proof. We treat the case where ni = 1. The other cases can be proved in the same way. 
Comparing the coefficients of the terms in 

tp[ = -2qip\ + 2qipi - (ao + oi + a3)pi + oq - 2piq2P2, 

we have 

2o.oo,no^oo,0 2ci(X),no — l^oo,l ~^ 2o.oo,no 2CQQ —kd'OD,n:j — l 2cQQ —k—ldoo,n,i — 0. 

If no — > 3, comparing the coefficients of the terms t^"" in 
tq[ = 2qlpi -ql + (ao + oi + as)^'! - t + 4tp2 + 2qiq2P2, 
we obtain 

2&00, 1^^00,710 — 1 ~l~ 2aoo ,jq6oo (^oo,no ~l~ 2Cqo,— feC^oOjrta — 1 ~l~ 2Coo,—fc— 1*^00,713 — 0. 

Then, it follows that aoo,no = 0, which is impossible. 

If no — A; = 2, comparing the coefficients of the terms t^, t^no-i jjj 

tq2 = 2gip2 -02 + ("0 + ai + 03)^2 - i + 4:tpi + 2qipiq2, 
tp'2 = -2q2pl + 2q2P2 - (ao + ai + 03)^2 + ai - 2gipiP2, 
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we have 

2^00,713 Coo,— fcCoo _fc_l ~l~ 2(ioo,n3 — ICqq —k ~^ ^^oo,! 

~l~ 2Coo _fcQ.oo,no^oo,0 ~l~ '^C^oo,—k^oo,no — lboo,l — 0, 
2Coo^_fc(ic)o,n3 — 1 2Coo,—fc— 1*^00, 713 2aoo,no^oo,0 2(2oo,no — l^oo,l — 0, 

respectively. Then, it follows that 600,1 = 0, which is impossible. 
If no — A; = 1, comparing the coefficients of the terms in 

= 2qjp2 -qj + (ao + oi + a3)q2 -t + Atpi + 2qipiq2, 

we obtain 

2cL,-fc'^oo,n3 + 46oo,l + 2aoo,no^oo,lCoo,-fe = 46oo,l = 0, 

which is impossible. ■ 

2.5 The case where all of (gi, Pi, ^2? P2) have a pole at t = 00 

(2) 

Lemma 2.7. Suppose that for Ai^ {'^j)o<j<3, there exists a solution such that qi, pi, q2, P2 all 
have a pole at t = 00. Moreover, assume that qi, pi, q2, P2 have a pole of order uq, ni, 712, 
(no, ni, n2, n3 > 1) at t = 00, respectively. Then, no + ni = n2 + na. 

Proof. Considering 

tp[ = -2qip\ + 2qipi - {oq + ai + 03)^1 + oq - 2piq2P2, 
we can show the lemma. ■ 

Therefore, we see that hq + ni = n2 + ns > 2. 

(2) 

Proposition 2.11. For (Q^j)o<i<3; there exists no solution such that qi, pi, q2, P2 all have 
a pole at t = 00. 

Proof. We treat the case where no + ni = n2 + ns = 2. The other cases can be proved in the 
same way. 

Comparing the coefficients of the term t^ in 

tp[ = -2qip\ + 2qipi - [uq + ai + a:i)pi + ao - 2piq2P2, 

we have 000,1^00,1 + Coo,ic?oo,i = 0. 

Comparing the coefficients of the term in 

tq[ = 2qlpi -ql + (ao + ai + as)^'! - t + 4tp2 + 2qiq2P2, 
tp[ = -2qip\ + 2qipi - (ao + ai + as)^! + ao - 2piq2P2, 
tq2 = 2qlp2 -ql + (ao + ai + a3)q'2 - t + Atpi + 2qipiq2, 
tp2 = -2q2pl + 2q2P2 - (ao + ai + a3)p2 + ai - 2qipip2, 
we obtain 

2aoo,iaoo,o&oo,i + 26oo,oaL,i ~ ^00,1 + 4(ioo,i + 2aoo,iCoo, 1(^00,0 + 2aoo,iCoo,o<2^oo,i = 0, 

—2aoo, 1600,0 — 2aoo, 0600,1 + 2aoo,i — 2coo,i(ioo,o — 2coo, 0^^00,1 = 0, 

2coo,iCoo,oc^oo,i + 2(ioo,oc^,i — c^,i + 46oo,i + 2coo,iaoo, 1600,0 + 2coo,iaoo,o6oo,i = 0, 

— 2coo,i(ioo,o — 2coo,oc^oo,i + 2coo,i — 2aoo, 1600,0 — 2aoo,o&oo,i = 0, (2.3) 
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respectively. Based on the second and fourth equations of (j2.3p . we have aoo,i = Coo,i- From 
the first and second equations of (j2.3|) . we obtain ^ + 4(ioo,i = 0. From the third and fourth 
equations of (j2.3p . we have i + 46oo,i = 0. 

Therefore, since Ooo,i&oo,i + Coo,idoo,i = 0, it follows that aoo,i&cx>,i = 0, which is impos- 
sible. ■ 



2.6 Summary 

Proposition 2.12. For (aj)o<j<3, there exists a meromorphic solution at t = oo. Then, 
Qi? Pi! 0.2, P2 uniquely expanded as follows: 

qi = {-2ao + as) H , 

^ pi = 1/4 + (-2ai + a3)(-2ai - a3)t"V4 + • • • , 
q2 = {-2ai + as) H , 

P2 = 1/4 + (-2qo + a3)(-2ao - "3)^-74 + • • • . 

3 Meromorphic solution at t = 

In this section, we treat meromorphic solutions at t = 0. Then, in the same way as Proposi- 
tion [2T2l we can show the following proposition: 

(2) 

Proposition 3.1. Suppose that for Ai^ (aj)o<j<3, there exists a meromorphic solution att = 0. 
Then, one of the following occurs: 

(1) qi, pi, q2, P2 all holomorphic at t = 0, 

(2) pi has a pole of order one at t = and qi, q2, P2 o-re all holomorphic at t = 0, 

(3) p2 has a pole of order one at t = and qi, pi, q2 are all holomorphic at t = 0. 

In this paper, we define the coefficients of the Lauren series of (71, pi, (72, P2 at t = by ao,fc, 
^o.fcj co^fc, do,fc) A; S Z. In this section, we prove that the constant terms of qi, (72 at t = 0, ao,0) 
co,o are zero, or expressed by the parameters, aj (0 < j < 3). 

3.1 The case where q^, pi, q2, P2 are all holomorphic at t = 

(2) 

Proposition 3.2. Suppose that for Ai^ (aj)o<j<3, there exists a solution such that qi, pi, q2, 
P2 are all holomorphic at t = 0. Then, one of the following occurs: 

(1) ao,o = 0, -(qo + ai + a3)6o,o + ao = 0, co,o = 0, -(oq + ai + 03)^0,0 + ai = 0, 

(2) ao,o = 0, (-Qo + ai- 03)^0,0 + ao = 0, co,o = ao-ai + as, (-ao + ai - as)(io,o - ai = 0, 

(3) ao,o = -ao + ai + as, (qq - ai - a3)6o,o - ao = 0, co,o = 0, (ao - ai - as)(io,o + ai = 0, 

(4) ao,o = -ao - ai + 03, (ao + ai - a3)6o,o - ao = 0, co,o = -ao - ai + as, (ao + ai - 
a3)do,o - ai = 0. 

3.2 The case where pi has a pole at t = 

(2) 

Proposition 3.3. Suppose that for A^ (aj)o<j<s, there exists a solution such that pi has a pole 
at t = and qi, q2, P2 o,^^ clU holomorphic at t = 0. Then, 

' qi = (-8ao - Sas + 6)t/{(4ai - l)(4ai + !)} + •••, 
^ pi = (4ai - l)(4ai + I)t-Vl6 + • • • , 
' q2 = (-2ai + 1/2) + • • • , 

P2 = 1/4 + • • • . 
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3.3 The case where p2 has a pole at t = 

Proposition 3.4. Suppose that for ' {aj)o<j<3, there exists a solution such that p2 has a pole 
at t = and qi, pi, q2 are all holomorphic at t = 0. Then, 



qi = {-2ao + 1/2) + • • • , 
pi = 1/4 + • • • , 

q2 = {-8ai - 803 + 6)t/{(4ao - l)(4ao + 1)} + 
P2 = (4ao - l)(4ao + I)t-Vl6 + • • • ■ 



4 Meromorphic solution at t = c G C* 

In this section, we deal with meromorphic solutions at t = c G C*, where C* means the set of 
nonzero complex numbers. 

(2) 

Proposition 4.1. Suppose that for Ai^ (aj)o<j<3> there exists a meromorphic solution at t = 
c G C* such that some of {qi,Pi, have a pole at t = c. Then, one of the following occurs: 

(1) qi has a pole at t = c and pi, q2,P2 o,i"g all holomorphic at t = c, 

(2) q2 has a pole at t = c and qi,Pi,P2 ctf^ o.^^ holomorphic at t = c, 

(3) qi, q2 have both a pole at t = c and pi,p2 are both holomorphic at t = c, 

(4) qi, p2 have both a pole at t = c and pi, q2 are both holomorphic at t = c, 

(5) pi, q2 have both a pole at t = c and qi, p2 are both holomorphic at t = c, 

(6) pi, p2 have both a pole at t = c and qi, q2 are both holomorphic at t = c, 

(7) qi, pi, q2, P2 clII have a pole at t = c. 

4.1 The case where has a pole at t = c G C* 

(2) 

Proposition 4.2. Suppose that for Ai^ (aj)o<j<3, there exists a solution such that qi has a pole 
at t = c G C* and pi, q2, P2 are all holomorphic at t = c. Then, either of the following occurs: 




qi = -c{t - c) ^ H , 

ai + as 

Pi = IH [t - c) + 

c 

q2 = 0{t-c), 

iP2 = 0{t-c). 



4.2 The case where has a pole at t = c G C* 

(2) 

Proposition 4.3. Suppose that for A)^ («j)o<j<3) there exists a solution such that q2 has a pole 
at t = c & C* and qi, pi, p2 are all holomorphic at t = c. Then, either of the following occurs: 



c{t - c)-i + 
c 



c + 



(2) 



gi = 0(t-c), 
pi = 0(t-c), 
q2 = -c{t-c)-^ + ■■■ 

P2 = IH [t 



c + 
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4.3 The case where q^, q2 have a pole at t = c G C* 

Proposition 4.4. Suppose that for A)^ (ctj)o<j<3> there exists a solution such that qi, q2 have 
both a pole att = c£C* and pi, p2 are both holomorphic att = c. Then, either of the following 
occurs: 



(1) 



qi = -c{t - c)-^ H — , 

Pi = bcfi + bc,i{t - c) H 

q2 = -c{t - c)"^ H , 

P2 = dc,o + dc,i{t - c) H 



where bcfi + 4,0 = 1 and bc,i + 4,1 



"3 

c 



(2) 



qi =c(t-c)-i + -- 

Pi = (t - c) + 

c 

g2 = c(t-c)-l + -- 

P2 = (i - c) + 

c 



4.4 The case where q^, p2 have a pole at t = c G C* 

Proposition 4.5. Suppose that for (Qj)o<j<3, i/iere exists a solution such that qi, p2 have 
both a pole at t = c £ C* and pi, q2 are both holomorphic at t = c. Then, one of the following 



occurs: 



(1) 



qi = 4c(t - c)-i + 8/3 + • • • , 

pi = 0- ao/{5c} • (t - c) H , 

q2 = {t-c) + (3ao - ai - Q3 + 2)/{2c} • {t - cf + 
P2 = c{t - c)-2 - 4ao/5 • (t - c)-i + • • • , 



(2) 



(3) 



qi = -c{t - c)-i + (-1/4 - ao) + • • • , 
pi = + ao/{5c} ■ {t - c) 

q2 = {t-c) + (-3qo - ai - as + 2)/{2c} • {t - cf + 
P2 = c{t - c)-2 + 4ao/5 • {t - c)-i + • • • , 

= c(i-c)-i + (3/4-ao) + -- - , 
1/2- l/{12c} • (t-c) + -- - , 
-{t -c) + [(qi + a3)/c - 3/{Ac}]{t - cf + ■ ■ ■ , 



Pi 

q2 

P2 



-c/2-(t-c)-2_i/6(t-c)-i + -- - . 



4.5 The case where pi, ^2 have a pole at t = c G C* 

(2) 

Proposition 4.6. Suppose that for A^^ \Ctj)o<j<3, there exists a solution such that pi, q2 have 
both a pole at t = c £ C* and qi, p2 are both holomorphic at t = c. Then, one of the following 
occurs: 

' qi = {t-c) + (3ai - ao - as + 2)/{2c} ■ {t - cf + ■ ■ ■ , 

p^ = c{t - c)"2 - 4ai/5 • {t - c)"^ H , 

q2 = 4.c{t - c)-i + 8/3 + • • • , 
P2 = - ai/{5c} • (t - c) H , 

qi = {t-c) + (-3ai - ao - as + 2)/{2c} ■ (t - c)^ + ■ ■ ■ , 

= c{t - c)-2 + 4ai/5 • {t - c)~i + • • • , 
q2 = -c(t - c)-^ + (-1/4 - ai) + • • • , 
P2 = + ai/{5c} ■ {t - c) + ■ ■ ■ , 



(1) 



(2) 



(2) 
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(3) 



gi = -{t - c) + [(ao + az)/c - 3/{4c}](t - cf + ■ ■ ■ 
pi = -c/2 ■ {t - c)-2 - l/6(t - c)-i + • • • , 
q2 = c{t - c)-i + (3/4 - ai) + • • • , 
P2 = l/2-l/{12c}-(t-c) + -- - . 



4.6 The case where pi, have a pole at t = c E C* 

Proposition 4.7. Suppose that for A)^ (aj)o<j<3, t/iere exists a solution such that pi, p2 have 
both a pole at t = c £ C* and qi, q2 are both holomorphic at t = c. Then, 

qi = (-44 _i) + ac,i{t - c) H , 

pi = bc,-i{t - c)-i + (3/8 + 2bl_Jc) + • • • , 
q2 = i-^bc,-i) + Cc,i{t - c) + ■ ■ ■ , 
P2 = dc,-i{t - c)-i + (3/8 + 2^2 _^/c) + • • • , 

where the coefficients satisfy 

c c 

166c,-i4 -1 + c = 0, ac,i6c -ic + Cc,i4 -ic + -(ao + ai + as) = -. 

4.7 The case where q^, pi, qf25 P2 have a pole at t = c G C* 

Proposition 4.8. Suppose that for Ai^ (aj)o<j<3, there exists a solution such that qi, pi, q2, 
P2 all have a pole at t = c € C* . Then, 

' qi = -2c{t - c)-i + 4/3) + ac,i(t - c) + • • • , 

pi = VH/4 • {t - c)-i + 1/2 + bc,i{t - c) + • • • , 
52 = -2c(t - c)-i + (-V^ - 4/3) + Cc,i{t - c) + • • • , 
J2 = ■ (t - c)-i + 1/2 + (ie,i(t - c) + • • • , 

where the coefficients satisfy 

bc,i + dc,i = a3/{2c}, fflc,! - Cc^iVc = 2 + 203 - 2qo - 2ai. 

4.8 Summary 
Proposition 4.9. 

('2'! 

(1) Suppose that for A^ (aj)o<j<3, t/iere exists a meromorphic solution at t = c € C* . Then, 
qi, q2 have both a pole of order at most one at t = c and the residues of qi, q2 at t = c are 
expressed by nc (n € Z) . 

(2) Suppose that for Ai^ (Q:j)o<j<3, there exists a rational solution. Then, aoo,o — 09,0 S 2; 
Coo,0 — co,o £ ^• 

Proof. Case (1) is obvious. Let us prove case (2). From the discussions in Sections [2l [3] and [U 
it follows that 



mi 



™2 / / 



t — a 



J, nj,nf,eZ, 



j=l k=l 

where mi, 7712 are both positive integers and G C* (1 < < mi) and c^- G C* (1 < j < 1x12) 
are poles of qi and 52, respectively. If qi or 52 is holomorphic in C*, then its second sum is 
considered to be zero. 

Considering the constant terms of the Taylor series of g'l, q2 at t = 0, we can prove the 
proposition. ■ 
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5 The Laurent series of the Hamiltonian H 

In this section, for a meromorphic solution at t = oo, 0, we first compute the constant terms 
^00,0) ^0,0 of the Laurent series of the Hamiltonian at t = oo, 0. Moreover, for a meromorphic 
solution at t = c G C*, we calculate the residue of at t = c. 

5.1 The Laurent series of i? at t = oo 

Proposition 5.1. Suppose that for Al^ {aj)o<j<^, there exists a meromorphic solution att = oo. 
Then, 

3 1 
hoo,o = ^(ao + ai + as)^ - ^ (~^"o + «3)(-2ai + as) - 3(ao + 01)03. 

5.2 The Laurent series of i? at t = 

5.2.1 The case where gi, pi, q2, P2 are all holomorphic at t = 

Proposition 5.2. Suppose that for (aj)o<i<3i there exists a solution such that qi, pi, q2, 
P2 are all holomorphic at t = 0. Then, 

if case (1) occurs in Proposition \3.2[ 
—ai{aQ + as) if case (2) occurs in Proposition \3.2\ 
— ao(ai + as) if case (3) occurs in Proposition \3.2\ 
— as(ao + Oil) if case (4) occurs in Propo sition \3. 21 

5.2.2 The case where pi has a pole at t = 

(2) 

Proposition 5.3. Suppose that for Ai^ [aj)o<j<3, there exists a solution such that pi has a pole 
at t = and qi, q2, P2 o,re all holomorphic at t = 0. Then, 

1 3 

^0 = -7(00 + ai + as)^ + «i + 77- 
4 lb 

5.2.3 The case where p2 has a pole at t = 

(2) 

Proposition 5.4. Suppose that for Ai^ {aj)o<j<3, there exists a solution such that p2 has a pole 
at t = and qi, pi, (72 are all holomorphic at t = 0. Then, 

1 3 
ho,o = -7(00 + ai + as)^ + al + —. 
4 lb 

5.3 The Laurent series of i? at t = c G C* 

5.3.1 The case where Qi has a pole at t = c G C* 

(2) 

Proposition 5.5. Suppose that forAi^ {'^j)o<j<3! there exists a solution such that qi has a pole 
at t = c £ C* and pi, q2, P2 are all holomorphic at t = c. Then, H is holomorphic at t = c. 



5.3.2 The case where 92 has a pole at t = c G C* 

(2) 

Proposition 5.6. Suppose that for A)^ {aj)o<j<3, there exists a solution such that q2 has a pole 
at t = c £ C* and qi, pi, p2 are all holomorphic at t = c. Then, H is holomorphic at t = c. 



Rational Solutions of the Sasano System of Type ^5 15 



5.3.3 The case where gi, have a pole at t = c G C* 

Proposition 5.7. Suppose that for Al^ (aj)o<i<3; there exists a solution such that qi, q2 have 
both a pole at t = c & C* and pi, p2 are both holomorphic at t = c. Then, H is holomorphic at 
t = c. 



5.3.4 The case where qi, p2 have a pole at t = c G C* 

Proposition 5.8. Suppose that for (ckj)o<j<3, there exists a solution such that qi, q2 have 
both a pole at t = c £ C* and pi, p2 are both holomorphic at t = c. Then, H has a pole of order 
one at t = c and 

{c if case (1) occurs in Proposition 14.51 
c if case (2) occurs in Proposition 14.51 
c/2 if case (3) occurs in Proposition 14.51 



5.3.5 The case where pi, 92 have a pole at t = c G C* 

(2) 

Proposition 5.9. Suppose that for {ctj)o<j<3j there exists a solution such that pi, q2 have 
both a pole at t = c & C* and qi, p2 are both holomorphic at t = c. Then, H has a pole of order 
one at t = c and 



ResH 

t=c 



c if case (1) occurs in Proposition 14. 6| 
c if case (2) occurs in Proposition 14. 6( 
c/2 if case (3) occurs in Proposition 14.61 



5.3.6 The case where pi, p2 have a pole at f = c G C* 

(2) 

Proposition 5.10. Suppose that for A)^ {'^j)o<j<S! there exists a solution such thatpi, p2 have 
both a pole at t = c £ C* and qi, q2 are both holomorphic at t = c. Then, H has a pole of order 
one at t = c and KesH = c/4. 

t=c 



5.3.7 The case where qi, pi, q2, P2 have a pole at t = c G C* 

(2) 

Proposition 5.11. Suppose that for A^ {o;j)o<j<3, there exists a solution such that qi, pi, q2, 
P2 all have a pole at t = c £ C*. Then, H has a pole of order one at t = c and HesH = c/4. 



5.4 Summary 
Proposition 5.12. 

(2) 

(1) Suppose that for Ai^ (aj)o<j<3, there exists a meromorphic solution at t = c € C* . Then, 
the residue of H at t = c is expressed by nc/A [n G Z). 

(2) Suppose that for A^ \Ctj)o<j<3, there exists a rational solution. Then, 4(/ioo,o ~ ^^0,0) £ ^• 



Proof. Case (1) is obvious. Case (2) can be proved in the same way as Proposition 14.91 ■ 
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6 Necessary condition ... (1) 

6.1 The case where q^, pi, q2, P2 are all holomorphic at t = 

6.1.1 The case where ao,o = 0, Co,o = 

(2) 

Proposition 6.1. Suppose that for Ai^ \Ctj)o<j<3, there exists a rational solution such that qi, 
Pi) Q.2, P2 cLfG clII holomorphic at t = 0. Moreover, assuming that ao,o = 0, co,o = 0, then, 
— 2ao + Q3 G — 2ai + 03 G Z. 

Proof. The proposition follows from Propositions \2.12\ 14.91 ■ 

6.1.2 The case where ao,o = 0, co,o 7^ 

(2) 

Proposition 6.2. Suppose that for \0^j)o<j<3, there exists a rational solution such that qi. 
Pi, Q2, P2 cLre all holomorphic at t = 0. Moreover, assuming that ao,o = 0, co,o 7^ 0, then, 
— 2ao + as G Z, 2ai + 03 G Z. 

Proof. The proposition follows from Propositions 12.121 13.21 and 14.91 ■ 

6.1.3 The case where ao,o 7^ 0, co,o = 

(2) 

Proposition 6.3. Suppose that for Ai^ (aj)o<j<3, there exists a rational solution such that qi. 
Pi; Q2, P2 o,re all holomorphic at t = 0. Moreover, assuming that ao,o 7^ 0, cq^o = 0, then, 
2ao + as G Z, — 2ai + Q3 G Z. 

Proof. The proposition follows from Propositions 12.121 13.21 and 14.91 ■ 

6.1.4 The case where ao,o 7^ 0, co,o ?^ 

(2) 

Proposition 6.4. Suppose that for Ai^ (aj)o<j<3, there exists a rational solution such that qi. 
Pi! Q2, P2 o-f^ CL^I holomorphic at t = 0. Moreover, assuming that ao,o 7^ 0, co,o 7^ 0, then, 
2ao + as G Z, 2ai + as G Z. 

Proof. From Propositions 12.121 13.21 and 14. 9|, it follows that oq — ai G Z. 

If ao 7^ 0, by Proposition 13.21 we find that so{qi,Pi-, q2,P2) is a rational solution of ^5 (— oq, 
ai, a2 + ao, as) such that all of so{qi,pi,q2,P2) are holomorphic at t = and ao,o = 0, co,o 7^ 0. 
Then, from Proposition 16. 2| we obtain the necessary condition. If ai 7^ 0, by si and Proposi- 
tion E31 we obtain the necessary condition in the same way. 

If ao = ai = and a2 7^ 0, by Proposition 13. 2|, we see that 52(91,^1,92,^2) is a rational 
solution of ^5 (a2, a2, — a2, as + 2a2) such that all of 50(91,^1,92,^2) are holomorphic at t = 
and ao,o 7^ 0, co,o 7^ 0. Based on the above discussion, considering that ao + ai + 2a2 + as = 1/2, 
we can obtain the necessary condition. 

(2) 

The remaining case is that ao = ai = a2 = 0, as = 1/2. We prove that for Ai^ (0, 0, 0, 1/2), 
there exists no rational solution such that qi, pi, q2, P2 are all holomorphic at t = and 

oo,o 7^ 0, co,o 7^ 0. If there exists such a rational solution, by Proposition 13.21 we find that 

(2) 

bo,o = dofi = 0. Then, ss((7i,pi, (72,^2) is a rational solution of Ai^ (0,0,1/2,-1/2) such that 
all of 53(91,151, 92,^2) are holomorphic at t = and oq^o = co,o = 0. Therefore, it follows from 
Proposition 16.21 that — 2 • + (—1/2) G Z, which is impossible. ■ 
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6.2 The case where pi has a pole at t = 

(2) 

Proposition 6.5. Suppose that for Ai^ {ctj)o<j<3, there exists a rational solution such that 
pi has a pole at t = and qi, q2, P2 o,re all holomorphic at t = 0. Then, — 2qo + 03 G Z, 
ag - 1/2 G Z. 

Proof. The proposition follows from Propositions 12.121 13.31 and 14.91 ■ 

By S1S2, we can prove the following corollary. 

(2) 

Corollary 6.1. Suppose that for Ai^ {ctj)o<j<3, there exists a rational solution such that pi 
has a pole at t = and qi, q2, P2 are all holomorphic at t = 0. Then, by some Bdcklund 
transformations, the parameters can he transformed so that — 2ao + 03 € Z, —2ai + 03 G Z. 

6.3 The case where p2 has a pole at t = 

Proposition 6.6. Suppose that for A^^\aj)Q<_j<_^, there exists a rational solution such that 
P2 has a pole at t = and qi, pi, q2 are all holomorphic at t = 0. Then, —2ai + 03 G Z, 
as - 1/2 G Z. 

Proof. The proposition follows from Propositions 12.121 13.41 and 14.91 ■ 

By sqS2, we can prove the following corollary. 

(2) 

Corollary 6.2. Suppose that for Ai^ {o^j)o<j<3i there exists a rational solution such that p2 
has a pole at t = and qi, pi, q2 are all holomorphic at t = 0. Then, by some Bdcklund 
transformations, the parameters can be transformed so that —2ao + 03 G Z, —2ai + 0:3 G Z. 

6.4 Summary 

(2) 

Proposition 6.7. Suppose that for Ai^ {aj)o<j<Sj there exists a rational solution. Then, one 
of the following occurs: 



(1) 


—2ao + 03 G Z, 


-2ai 


+ as G Z, 


(2) 


—2ao + 03 G Z, 


2ai + as G Z, 


(3) 


2ao + 03 G Z, 


-2ai 


+ as G Z, 


(4) 


2ao + Q3 G Z, 


2qi 


+ as G Z, 


(5) 


— 2ao + 03 G Z, 


as - 


- 1/2 G Z, 


(6) 


-2ai + 03 G Z, 


as - 


- 1/2 G Z. 



Corollary 6.3. Suppose that for ^5 (aj)o<j<S) there exists a rational solution. Then, by 
some Bdcklund transformations, the parameters can be transformed so that — 2ao + as G Z, 
-2ai + as G Z. 



7 Necessary condition . . . (2) 

7.1 Shift operators 

In order to transform the parameters to the standard form, let us construct shift operators. 
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Proposition 7.1. Let the shift operators Tq, Ti, T2 be defined by 

To = VrS2S3S2SiSo, Ti = SqTqSo, T2 = S2T0S2, 

respectively. Then, 

To{ao, ai, 02, 03) = ("0 + 1/2, ai + 1/2, 02 - 1/2, 03), 
Ti{ao,ai,a2,a3) = (oq - 1/2, ai + l/2,a2,a3), 
72(00, 01,02,03) = (00,01,02 + 1/2,03 - 1), 

respectively. 

7.2 The properties of Backlund transformations 
Proposition 7.2. 

f2) 

(1) Ifpi = for Al (oj)o<j<3, then oq = 0. 

(2) 

(2) Ifp2 = for Al {aj)o<j<3, then ai = 0. 

(2) 

(3) If qiq2 + t = for Al (o-,)o<j<3, then 02 = 0. 

(4) Ifpi +P2- 1 = for 4^Hoj)o<j<3, then 03 = 0. 

By this proposition, we can consider sq as the identical transformation, if = 0. In the same 
way, we consider each of si, S2, S3 as the identical transformation, if p2 = 0, or if qiq2 + t = 0, 
or if pi + p2 — 1 = 0, respectively. 

7.3 Reduction of the parameters to the standard form 

By Corollary 16.31 using Tq, we can transform the parameters to (00,01,02,03) = (03/2, 03/2, 
02,03). 

Proposition 7.3. Suppose that for A^^\aj)Q<:j<,3, there exists a rational solution. Then, by 
some Backlund transformations, the parameters can be transformed so that — 2qo + 03 = 0, 
— 2ai + Q3 = 0. 

8 Classification of rational solutions 

8.1 Rational solution of Ag (0:3/2, 0:3/2, 0:2, cks) 

(2) 

Proposition 8.1. For ^5 (03/2, 03/2, 02, 03), there exists a rational solution and {qi,Pi,q2, 
P2) = (0, 1/4, 0, 1/4). Moreover, it is unique. 

Proof. The proposition follows from the direct calculation and Proposition 12.21 ■ 

8.2 Proof of main theorem 

Let us prove our main theorem. 

(2) 

Proof. Suppose that for A^ (oj)o<j<3, there exists a rational solution. Then, from Proposi- 
tion 16.71 we find that the parameters satisfy one of the conditions in the theorem. Moreover, 
from Proposition 17.31 we see that the parameters can be transformed so that — 2ao + 03 = 
— 2ai + 03 = 0. 

From Proposition 18. 11 it follows that for Ai^ (03/2, 03/2, 02, 03), there exists a unique rational 
solution such that {qi,Pi,q2,P2) = (0, 1/4,0, 1/4), which proves the main theorem. ■ 



(2) 
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A Examples of rational solutions 

In this appendix, we give examples of rational solutions of A^^ {ctj)o<j<3- For the purpose, we 
use the shift operators, Tq, Ti, T2, and the seed rational solution, 

('Zi, Pi, ^72, P2) = (0,1/4,0,1/4) for (03/2, Q3/2, 03, as)- 

Then, we obtain the following examples of rational solutions: 
for (03/2 + 1/2, ^3/2 + 1/2, a2 - 1/2, 03), 

/ I 03 4a3 + 1 1 03 4a3 + 1 

{qi,pi,q2,P2) = -1,- + , , 2\ ~ 77rT~rT'~i'7 ~ , a 2\ + 



4 2{t + 4al) 4(t + l)' '4 2(i + 4a|) 4(i + 1) 
for 4'^ (03/2 - 1/2, 03/2 + 1/2, a2, as), 

„ 1 -2a3 + 2 

gi = 2a3 — - + 



^ ^ 03(1-203) 203 + 1 



1 

-i + 03(203 + 1) - - 



^ ^ 03(-203 + 1) 



1 203 + 1 

Pi = 7 + 



4 1 

4t + 403(203 + 1)-- 



_^ ^ 03(203 - 1) 



q2 



^ ^ 03(203 - 1) 



t 



1 03(203 - 1) 203 + 1 

P2 = 7 + 



At -4 At 



03(1-203) 
1 H : 203 



t ^ _^ 03(1 - 203) 

for 4^^(03/2,03/2,02 + 1/2,03 - 1), 

/ 1 203 - 1 4o3 - 3 

^^^^p^^i^^p^^ = r i " A{t + (203 - m + WTTy 

1 203 - 1 4o3 - 3 

4^4{t + (2o3-l)2} ~ 2{t + l) 
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